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Enhanced Asymptotic Symmetry Algebra of 2+1 Dimensional Flat Space
Ste´phane Detournay1, ∗ and Max Riegler1, †
1Universite´ libre de Bruxelles, Boulevard du Triomphe (Campus de la Plaine), 1050 Bruxelles, Belgium, Europe
In this paper we present a new set of asymptotic boundary conditions for Einstein gravity in 2+1
dimensions with vanishing cosmological constant that are a generalization of the Barnich-Compe`re
boundary conditions [1]. These new boundary conditions lead to an asymptotic symmetry algebra
that is generated by a bms3 algebra and two affine uˆ(1) current algebras. We then apply these
boundary conditions to Topologically Massive Gravity (TMG) and determine how the presence of
the gravitational Chern-Simons term affects the central extensions of the asymptotic symmetry
algebra. We furthermore determine the thermal entropy of solutions obeying our new boundary
conditions for both Einstein gravity and TMG.
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I. INTRODUCTION
Einstein gravity in 2+1 dimensions has many fea-
tures that distinguish it from higher-dimensional the-
ories of gravity. Maybe the most striking difference
∗Electronic address: sdetourn@ulb.ac.be
†Electronic address: Max.Riegler@ulb.ac.be
is the absence of local propagating degrees of free-
dom. Thus in Einstein gravity only global effects are
of physical relevance. As such, it is of great interest
to find boundary conditions that lead to interesting
boundary dynamics.
In the case of Anti-de Sitter (AdS) spacetimes in 2+1
dimensions Brown and Henneaux showed in a seminal
paper [2], that by choosing suitable boundary condi-
tions one can enlarge the sl(2,R)⊕sl(2,R) bulk isome-
tries to two copies of a Virasoro algebra with central
charges c = c¯ = 3ℓ2GN , where ℓ is the AdS radius and
GN is Newton’s constant. These boundary conditions
also include BTZ black holes [3, 4] and thus cover a
wide range of physical applications.
As such, these boundary conditions were modified and
generalized in many ways e.g. in the presence of scalar
matter [5], a gravitational Chern–Simons (CS) term
[6–9] or other higher derivative interactions [10, 11].
In addition several alternatives to the Brown-
Henneaux boundary conditions were discovered yield-
ing asymptotic symmetry algebras that differ from the
conformal algebra in two dimensions [12–22].
Almost twenty years after Brown and Henneaux, Bar-
nich and Compe`re [1] presented a consistent set of
boundary conditions for asymptotically flat space-
times at null infinity1 that extended previous con-
siderations of [25]. Using these boundary conditions
Barnich and Compe`re were able to show that the
corresponding asymptotic symmetry algebra is given
by the three dimensional Bondi-Metzner-Sachs alge-
bra (bms3) [26, 27]. Similar to the Brown-Henneaux
boundary conditions in the AdS3 case the Barnich-
Compe`re boundary conditions also include a class of
cosmological solutions called ”flat space cosmologies”
(FSCs) [28, 29]. However, in contrast to the AdS3 case
there have been much fewer2 alternative boundary
conditions for asymptotically flat spacetimes in 2+1
dimensional Einstein gravity aside from the Barnich-
Compe`re boundary conditions up until now.
In this paper we will improve that situation by pro-
1 For a CS version of these boundary conditions see e.g. [23,
24].
2 To the best of our knowledge there are only the boundary
conditions in [17] that support asymptotic Rindler spacetimes
as well as the boundary conditions in [30] that feature two
copies of a Heisenberg algebra as asymptotic symmetries.
2viding a novel set of boundary conditions for asymp-
totically flat spacetimes in 2+1 dimensional Einstein
gravity. The resulting asymptotic symmetry algebra
will be given by a semidirect product of a bms3 algebra
with central charge cM =
1
4GN
and two affine uˆ(1) cur-
rent algebras with identical levels κP = − 14GN . These
boundary conditions can also be viewed as the flat
space counterpart of the enhanced symmetry algebra
for AdS3 found in [13]
The organisation of the paper is as follows. In Section
II we present the new set of boundary conditions us-
ing the Chern-Simons formulation of gravity and per-
form a canonical analysis that determines the form of
the corresponding asymptotic symmetry algebra. In
section III we first translate our new boundary con-
ditions into a second order formulation and then sub-
sequently apply these boundary conditions to Topo-
logically Massive Gravity (TMG) [31, 32]. In Section
IV we determine the thermal entropy of the solutions
that are allowed by our boundary conditions. We then
show in Section V how one can relate our boundary
conditions to the ones presented in [13] as a limiting
case of vanishing cosmological constant.
II. BOUNDARY CONDITIONS AND
ASYMPTOTIC SYMMETRIES
In this section we present new boundary conditions
for asymptotically flat spacetimes in 2+1 dimensional
Einstein gravity and derive the corresponding asymp-
totic symmetry algebra using the Chern-Simons for-
mulation of gravity.
A. Chern-Simons Action and Conventions
Our starting point is the Chern-Simons formulation
of gravity in 2+1 dimensions [33]. In this formulation
the gravitational dreibein e and the associated (du-
alized) spin connection ω are recombined into a new
gauge field A = ω + e. The Einstein-Hilbert action
in the Palatini formulation is then equivalent (up to
boundary terms) to a Chern-Simons action of the form
SCS[A] = k
4π
∫
M
〈A ∧ dA+ 2
3
A ∧A ∧A〉 , (1)
where 〈. . .〉 is an appropriate invariant bilinear form
on a given gauge algebra, k is the Chern-Simons cou-
pling and M a 2+1-dimensional manifold. Depend-
ing on the kind of geometry one wants to describe the
gauge field A takes its values in certain Lie algebras.
For gravity theories with vanishing cosmological con-
stant the appropriate Lie algebra to use is isl(2,R) for
which we use the following basis:
[Ln, Lm] = (n−m)Ln+m, (2a)
[Ln,Mn] = (n−m)Mn+m, (2b)
[Mn,Mm] = 0, (2c)
where n,m = 0,±1 and the corresponding invariant
bilinear form is given by 〈LnLm〉 = 〈MnMm〉 = 0 as
well as
〈LnMm〉 = −2


M1 M0 M−1
L1 0 0 1
L0 0 − 12 0
L−1 1 0 0

 . (3)
In order to make contact to the Einstein-Hilbert-
Palatini action for vanishing cosmological constant the
Chern-Simons coupling k has to be related to New-
ton’s constant GN in 2+1 dimensions by
k =
1
4GN
. (4)
This is the basic setup that we use to define our
boundary conditions.
B. Boundary Conditions
Before imposing any kind of boundary conditions
one has to further specify the topology of the man-
ifold on which one is imposing said boundary condi-
tions. For this work we are assuming that the topol-
ogy of the manifold is given by a solid cylinder. In
addition we choose coordinates such that there is a
radial direction 0 ≤ r < ∞ and the boundary of the
cylinder is parametrized by a retarded time coordi-
nate −∞ < u < ∞ as well as an angular coordinate
ϕ ∼ ϕ+ 2π.
One advantage of the Chern-Simons formulation of
gravity is that one can use some of the gauge freedom
to fix the radial dependence of gauge field A as
A(r, u, ϕ) = b−1(r) [a(u, ϕ) + d] b(r), (5)
with
a(u, ϕ) = aϕ(u, ϕ) dϕ+ au(u, ϕ) du. (6)
A consequence of such a gauge choice is that the equa-
tions of motion F = dA + [A,A] = 0 simplify dras-
tically. Except Fuϕ all components of Fµν are identi-
cally zero for such a choice of gauge.
It is important to note that different choices of the
group element b will yield different geometrical inter-
pretations. In order to interpret our boundary condi-
tions as cosmological solutions later on we choose this
group element as
b(r) = e
r
2
M−1 . (7)
After having completely specified our specific setup
we are now ready to formulate boundary conditions.
Thus we propose the following new boundary condi-
tions for asymptotically flat spacetimes in 2+1 dimen-
sions:
aϕ = e
αL1 + M¯L−1 + β¯M1 + N¯M−1, (8a)
au = e
αM1 + M¯M−1, (8b)
where the functions M¯, N¯ , α and β¯ are arbitrary
functions of u and ϕ.
3In principle one could perform the asymptotic anal-
ysis using the boundary conditions as written in (8).
However, with a bit of hindsight it turns out that the
following redefinitions will be beneficial to determine
the asymptotic symmetries:
M¯ = −M
4
e−α, β¯ = βeα, N¯ = e
−α
4
(Mβ−2N ). (9)
Looking at the equations of motion F = 0 one can
already see that this redefinition is very useful as it
yields very simple constraints on the time evolution
of the functions M, N , α and β as
∂uα = ∂uM = 0, ∂uβ = ∂ϕα, 2∂uN = ∂ϕM. (10)
That means that on-shell these functions can be writ-
ten as
M =M(ϕ), N = L(ϕ) + u
2
M′ (11a)
α = A(ϕ), β = B(ϕ) + uA′. (11b)
C. Variational Principle
A first consistency check of the boundary conditions
(8) is to see whether or not they lead to a well defined
variational principle. This check can be performed
by varying the Chern-Simons action (1) with respect
to the gauge field A and plugging in the boundary
conditions (8). If the resulting expression vanishes
on-shell one has a well defined variational principle. If
that is not the case one has to try and look for suitable
boundary terms that can be added to the action to
make the variation vanish on-shell.
Varying the Chern-Simons action (1) yields
δSCS[A] = k
2π
∫
M
〈δA∧F 〉+ k
4π
∫
∂M
〈δA∧A〉. (12)
The first term vanishes for F = 0 so only the second
term could be potentially problematic and require an
additional counterterm. However, one can explicitly
check that for the boundary conditions (8) this term
vanishes. Thus the variation of the Chern-Simons ac-
tion is zero on-shell and the proposed boundary con-
ditions yield a consistent variational principle.
D. Boundary Condition Preserving Gauge
Transformations
After having checked that the boundary conditions
lead to a well defined variational principle one has to
determine the gauge transformations δǫA = dǫ+[A, ǫ]
that preserve the boundary conditions (8). These
gauge transformations contain two different sets of
transformations, referred to as proper and improper.
The latter have an associated non-trivial canoni-
cal boundary charge, hence act non-trivially at the
boundary and change the state of the theory. The
asymptotic symmetries of a given set of boundary
conditions are given by the set of gauge transforma-
tions that act non-trivially at the boundary modulo
the proper gauge transformations.
In order to find the set of asymptotic symmetries we
make the ansatz
ǫ(ρ, u, ϕ) = b−1
[
1∑
a=−1
ǫa(u, ϕ)La + σ
a(u, ϕ)Ma
]
b.
(13)
In terms of this ansatz the gauge transformations (in-
cluding proper and non-trivial ones) that preserve the
boundary conditions (8) are given by
ǫ1 = eαǫL, ǫ
0 = ǫJ ,
ǫ−1 = −e
−α
4
(
2ǫ′J +MǫL
)
, (14a)
σ1 = eα (βǫL + σM) , σ
0 = σP ,
σ−1 =
e−α
2
[M
2
(βǫL − σM)−N ǫL + βǫ′J − σ′P
]
,
(14b)
where the functions ǫL, ǫJ , σM and σP depend on u
and ϕ and a prime denotes differentiation with respect
to ϕ. In addition these functions have to satisfy
∂uǫL = ∂uǫJ = 0, ∂uσM = ∂ϕǫL, ∂uσP = ∂ϕǫJ .
(15)
That means that these gauge parameters can also be
written as
ǫL = ǫL(ϕ), σM = ǫM(ϕ) + uǫ
′
L (16a)
ǫJ = ǫJ (ϕ), σP = ǫP(ϕ) + uǫ
′
J . (16b)
In order to distinguish proper gauge transformations
from non-trivial ones we now determine the canonical
boundary charges. Again with a bit of hindsight we
first redefine the functions L, M, A and B that are
shown in (11) as
M˜ = k
4π
M, L˜ = k
2π
L, (17a)
P = − k
2π
A′, J = − k
2π
B′. (17b)
The redefined fields M˜, L˜, J and P then transform
under the gauge transformations (14) as
δǫM˜ = ǫLM˜′ + 2M˜ǫ′L + Pǫ′J +
k
2π
ǫ′′J , (18a)
δǫL˜ = ǫMM˜′ + 2M˜ǫ′M + Pǫ′P +
k
2π
ǫ′′P
+ ǫLL˜′ + 2L˜ǫ′L + J ǫ′J , (18b)
δǫP˜ = ǫLP ′ + Pǫ′L −
k
2π
ǫ′J −
k
2π
ǫ′′L, (18c)
δǫJ˜ = ǫMP ′ + Pǫ′M −
k
2π
ǫ′P −
k
2π
ǫ′′M
+ ǫLJ ′ + J ǫ′L. (18d)
The reason why the redefinition (17) is beneficial is
that it allows one to directly read off the Dirac bracket
algebra of the functions M˜, L˜, J and P from (18)
using e.g.
{L˜(ϕ),M˜(ϕ¯)} = −δǫLM˜(ϕ¯)
∣∣∣
∂nϕ¯ǫL(ϕ¯)=(−1)
n∂nϕδ(ϕ−ϕ¯)
.
(19)
4This trick works because the infinitesimal transfor-
mations (18) are related to the Dirac brackets of the
canonical boundary charges as
− δǫLM˜(ϕ¯) = {Q[ǫL],M˜(ϕ¯)}, (20)
which reduces to
− δǫLM˜(ϕ¯) =
∫
dϕ ǫL(ϕ){L˜(ϕ),M˜(ϕ¯)}, (21)
in case all coefficients in front of the canonical bound-
ary charges are equal to one.
E. Canonical Boundary Charges
Having determined the boundary condition preserv-
ing gauge transformations (14) the next step is to
determine the variation of the canonical boundary
charges associated to these transformations. Using
the Chern-Simons formalism these charges can be de-
termined via3
δQ[ǫ] =
k
2π
∫
dϕ 〈ǫ δAϕ〉. (22)
In terms of the redefined variables (17) and the bound-
ary conditions preserving gauge transformations (14)
the variation of the canonical boundary charges take
the very simple form
δQ[ǫ] =
∫
dϕ
(
δM˜ǫM + δL˜ǫL + δPǫP + δJ ǫJ
)
.
(23)
This expression can easily be functionally integrated
and leads to the following finite canonical boundary
charge:
Q[ǫ] =
∫
dϕ
(
M˜ǫM + L˜ǫL + PǫP + J ǫJ
)
. (24)
One can readily check that this charge is also con-
served in (retarded) time i.e. ∂uQ[ǫ] = 0.
F. Asymptotic Symmetry Algebra
After having determined the canonical boundary
charge (24) one can – with the help of (18) – imme-
diately determine the precise form of the asymptotic
symmetry algebra. For the boundary conditions (8)
this yields the following non-vanishing Dirac brackets:
{L˜(ϕ), L˜(ϕ¯)} = 2L˜δ′ − δL˜′, (25a)
{L˜(ϕ),M˜(ϕ¯)} = 2M˜δ′ − δM˜′, (25b)
{L˜(ϕ),J (ϕ¯)} = J δ′ − δJ ′, (25c)
{L˜(ϕ),P(ϕ¯)} = Pδ′ − δP ′ − k
2π
δ′′, (25d)
{M˜(ϕ),J (ϕ¯)} = Pδ′ − δP ′ − k
2π
δ′′, (25e)
{J (ϕ),P(ϕ¯)} = − k
2π
δ′, (25f)
3 For more details see e.g. [34, 35].
where all functions appearing on the r.h.s are func-
tions of ϕ¯ and prime denotes differentiation with
respect to the corresponding argument. Moreover
δ ≡ δ(ϕ− ϕ¯) and δ′ ≡ ∂ϕδ(ϕ − ϕ¯). Expanding the
fields and delta distribution in terms of Fourier modes
as
M˜ = 1
2π
∑
n∈Z
Mne
−inϕ, L˜ = 1
2π
∑
n∈Z
Lne
−inϕ,
(26a)
P = 1
2π
∑
n∈Z
Pne
−inϕ, J = 1
2π
∑
n∈Z
Jne
−inϕ,
(26b)
δ =
1
2π
∑
n∈Z
e−in(ϕ−ϕ¯), (26c)
and then replacing the Dirac brackets with commu-
tators using i{·, ·} → [·, ·] one obtains the following
non-vanishing commutation relations:
[Ln, Lm] = (n−m)Ln+m, (27a)
[Ln,Mm] = (n−m)Mn+m, (27b)
[Ln, Jm] = −mJn+m, (27c)
[Ln, Pm] = −mPn+m + ikn2δn+m,0, (27d)
[Mn, Jm] = −mPn+m + ikn2δn+m,0, (27e)
[Jn, Pm] = −knδn+m,0, (27f)
which is the asymptotic symmetry algebra of asymp-
totically flat spacetimes in 2+1 dimensions for the
boundary conditions (8). One can already see at first
glance some crucial differences to the bms3 algebra
found in [1].
The first obvious differences are the additional
(twisted) uˆ(1) symmetries. The second important
difference is the absence of a central term in (27b).
However, this is just because of our choice of basis.
The usual bms3 central charge can be recovered by a
(twisted) Sugawara shift of Ln and Mn that takes the
form
Lˆn := Ln + inJn Mˆn := Mn + inPn. (28)
After this shift the algebra (27) now reads
[Lˆn, Lˆm] = (n−m)Lˆn+m, (29a)
[Lˆn, Mˆm] = (n−m)Mˆn+m + cM
12
n3δn+m,0, (29b)
[Lˆn, Jm] = −mJn+m, (29c)
[Lˆn, Pm] = −mPn+m, (29d)
[Mˆn, Jm] = −mPn+m, (29e)
[Jn, Pm] = κPn δn+m,0, (29f)
with cM = 12k and κP = −k. Since k = 14GN one has
thus successfully recovered the bms3 central charge.
In order to make the structure of the two additional
affine uˆ(1) current algebras that are contained within
(29f) more apparent one can also make the following
redefinition:
Jˆ±n :=
1√
2
(Jn ± Pn) . (30)
5With this redefinition the commutator (29f) changes
into
[Jˆ±n , Jˆ
±
m] = κPnδn+m,0. (31)
Thus the boundary conditions (8) can be seen as an
extension of the existing Barnich-Compe`re boundary
conditions by two affine uˆ(1) current algebras with
level κP = cM =
1
4GN
.
III. EXTENSION TO TOPOLOGICALLY
MASSIVE GRAVITY
In this section we extend our findings to TMG, de-
scribed by the action [31, 32]
ITMG =
1
16πGN
∫
d3x
√−g
(
R +
1
2µ
CS[Γ]
)
, (32)
where CS[Γ] = ελµνΓρλσ
(
∂µΓ
σ
ρν +
2
3Γ
σ
µτΓ
τ
νρ
)
is a
gravitational Chern-Simons term and µ is the corre-
sponding Chern-Simons coupling. In order to proceed
we first translate the results from Section II to a met-
ric formulation.
A. Boundary Conditions
The boundary conditions found in the Chern-
Simons formalism can be translated to the metric for-
mulation by extracting the dreibein e from the Chern-
Simons connection A via
A = ωaLa + eaMa, (33)
for a = 0,±1. Then using
ηab = −2


M1 M0 M−1
M1 0 0 1
M0 0 − 12 0
M−1 1 0 0

 , (34)
one can recover a metric formulation via
gµν = ηabe
a
µe
b
ν . (35)
For the boundary conditions (8) this leads to the fol-
lowing metric:
ds2 =M du2 + 2N du dϕ− 2eα dr du
+
[
e2αr2 + β (2N −Mβ)] dϕ2. (36)
Starting from (36) one can infer that the following
fluctuations of the metric can be allowed:
grr = O(r−2), (37a)
grϕ = −eαβ +O(r−1), (37b)
gru = −eα +O(r−1), (37c)
gϕϕ = e
2αr2 + β (2N −Mβ) +O(r−2), (37d)
gϕu = N +O(r−1), (37e)
guu =M+O(r−1). (37f)
The procedure to determine the asymptotic symme-
tries is in principle the same as in the Chern-Simons
formulation. First one has to find the asymptotic
Killing vectors that preserve the asymptotic structure
of (37). Then using these Killing vectors one can com-
pute the associated canonical charges as well as the
algebra these Killing vectors have to satisfy.
B. Asymptotic Killing Vectors
The Killing vectors that preserve the asymptotic
structure of (37) are given by the vector fields ξµ sat-
isfying
Lξgrr = O(r−2), (38a)
Lξgrϕ = −δ (eαβ) +O(r−1), (38b)
Lξgru = δeα +O(r−1), (38c)
Lξgϕϕ = δe2αr2 + δ (β (2N −Mβ)) +O(r−2),
(38d)
Lξgrr = δN +O(r−1), (38e)
Lξgrϕ = δM+O(r−1), (38f)
where the δ symbolizes the infinitesimal change of
the corresponding functions under the action of the
asymptotic Killing vector ξ. The Killing vectors sat-
isfying these conditions are given by
ξr = Jr + e−α(βJ′ −P′) +O(r−1), (39a)
ξϕ = L+
e−αP
r
+O(r−2), (39b)
ξu = M− e
−αβP
r
+O(r−2), (39c)
where L, M, J and P are functions of u and ϕ that
have to satisfy
∂uL = ∂uJ = 0, ∂uM = ∂ϕL, ∂uP = ∂ϕJ. (40)
Hence, from these equations we have that
J = j(ϕ) (41)
L = l(ϕ) (42)
P = p(ϕ) + uj′ (43)
M = m(ϕ) + ul′. (44)
C. Killing Vector Algebra
After having found the asymptotic Killing vectors
the next step is to determine the algebra these vector
satisfy. Since the Killing vectors (39) are state depen-
dent one has to use modified [36] (or “adjusted” [37])
Lie brackets that are defined as
[ξ1, ξ2]
µ
∗ = [ξ1, ξ2]− δξ1ξ2 + δξ2ξ1, (45)
where δξ1ξ2 denotes the change of the vector field ξ2
under an infinitesimal flow along the vector field ξ1
i.e. it takes into account the change the functions α,
β, N and M that appear both in the metric and the
6AKV ξ2 undergo under a flow along ξ1. This means
e.g.
δξ1ξ
ϕ
2 =
eαδξ1αP
r
, (46)
where δξ1α denotes the infinitesimal change α under-
goes upon acting on the metric with ξ1 via Lξ1gµν .
For the Killing vectors (39) one can write the evalua-
tion of the bracket (45) in a compact form as
[ξ1, ξ2]
µ
∗ = ξ
µ
[1,2], (47)
where for the functions l, m, j and p appearing in the
Killing vectors one finds
l[1,2] = l1l
′
2 − l2l′1, (48a)
m[1,2] = m1l
′
2 −m2l′1 + l1m′2 − l2m′1, (48b)
j[1,2] = l1j
′
2 − l2j′1, (48c)
p[1,2] = m1j
′
2 −m2j′1 + l1p′2 − l2p′1, (48d)
and a prime denotes a derivative with respect to ϕ.
For a Killing vector ξµ(l,m, j, p) one can introduce
Fourier modes as
Ln = ξ
µ(einϕ, 0, 0, 0), Mn = ξ
µ(0, einϕ, 0, 0), (49a)
Jn = ξ
µ(0, 0, einϕ, 0), Pn = ξ
µ(0, 0, 0, einϕ). (49b)
In terms of these Fourier modes the algebra of the
asymptotic Killing vectors looks like
i[Ln, Lm] = (n−m)Ln+m, (50a)
i[Ln,Mm] = (n−m)Mn+m, (50b)
i[Ln, Jm] = −mJn+m, (50c)
i[Ln, Pm] = −mPn+m, (50d)
i[Mn, Jm] = −mPn+m, (50e)
which is basically the algebra (29) without central ex-
tensions. This is a nice check that, indeed, or bound-
ary conditions also translate nicely to a metric for-
mulation. The next step is again to determine the
canonical boundary charge in order to see how the
addition of the topological Chern-Simons term in (32)
changes the boundary dynamics in comparison to the
pure Einstein gravity case considered in Section II.
D. Canonical Boundary Charges
The conserved charges in TMG are written as [38–
42]
δQξ =
1
16πGN
∫
kξ[g, h] , (51)
where ξ is an asymptotic Killing vector, and hµν =
δgµν a linearized solution to the equations of motion.
Expression (51) then gives the infinitesimal charge dif-
ference between two solutions g and g+δg to the equa-
tions of motion. The integrand appearing in (51) is
written as
kξ[g, h] = ǫµνρ
(
kµνgrav[ζ;h, g] + k
µν
cs [ζ;h, g]
)
dxρ .
(52)
The Einstein contribution to this expression is
kµνgrav[ζ;h, g] =ζ
ν(Dµh−Dσhµσ) + ζσDνhµσ
+
1
2
hDνζµ − hνσDσζµ
+
1
2
hσν(Dµζσ +Dσζ
µ), (53)
and the Chern-Simons contribution
kµνcs [ζ;h, g] =
1
µ
kµνgrav[η;h, g]
+
1
2µ
ǫµνρ
(
ζρh
λσGσλ +
1
2
h(ζσG
σ
ρ +
1
2
ζρR)
)
− 1
2µ
ζλ
(
2ǫµνρδ(Gλρ)− ǫµνλδG
)
, (54)
where ηµ = 12ǫ
µνρDνζρ. Finite charges are obtained
by integrating the variation (51) from one solution to
another.
The charges associated with the AKV (39) can be
computed for the metric (36) using the on-shell re-
lations (11). The total integrated charge can then be
written as
Qξ = Ql +Qm +Qj +Qp, (55)
with
Ql =
1
8πGN
∫
lL − 1
4µ
l(2M−A′2 + 2A′′), (56a)
Qm =
1
16πGN
∫
mM, (56b)
Qj = − 1
8πGN
∫
jB′ +
3
2µ
jA′, (56c)
Qp = − 1
8πGN
∫
pA′. (56d)
In order to determine the asymptotic symmetry alge-
bra associated with these charges it will again prove
useful to introduce new functions as
M˜ = M
16πGN
, P = − A
′
8πGN
, (57a)
L˜ = L
8πGN
− 1
4µ
(
4M˜ − 2π
k
P2 − 2P ′
)
, (57b)
J = − B
′
8πGN
+
3
2µ
P . (57c)
Using these redefinitions one can write the charges in
a more compact way as
Qξ =
∫
lL˜+mM˜+ jJ + pP , (58)
which is again the general form as in the Einstein case
(24). It is important to note, however, that the addi-
tion of the gravitational Chern-Simons term deformed
some of the state dependent functions and thus will
also deform the central extensions.
E. Asymptotic Symmetry Algebra
Using the same trick as in the Einstein case i.e.
reading off the Dirac brackets from the infinitesimal
7transformations of the state dependent functions one
finds the following algebra for TMG:
{L˜(ϕ), L˜(ϕ¯)} = 2L˜δ′ − δL˜′ − k
4πµ
δ′′′, (59a)
{L˜(ϕ),M˜(ϕ¯)} = 2M˜δ′ − δM˜′, (59b)
{L˜(ϕ),J (ϕ¯)} = J δ′ − δJ ′ + 3k
4πµ
δ′′, (59c)
{L˜(ϕ),P(ϕ¯)} = Pδ′ − δP ′ + k
2π
δ′′, (59d)
{M˜(ϕ),J (ϕ¯)} = Pδ′ − δP ′ + k
2π
δ′′, (59e)
{J (ϕ),J (ϕ¯)} = − 3k
4πµ
δ′, (59f)
{J (ϕ),P(ϕ¯)} = − k
2π
δ′. (59g)
In order to evaluate the effect of the gravitational
Chern-Simons term on the asymptotic symmetry al-
gebra, one first has to perform basically the same shift
as in the Einstein gravity case as
Lˆ = L˜+ J ′, Mˆ = M˜+ P ′. (60)
Introducing Fourier modes as in (26) one then obtains
the following non-vanishing commutation relations:
[Lˆn, Lˆm] = (n−m)Lˆn+m + cL
12
n3δn+m,0, (61a)
[Lˆn, Mˆm] = (n−m)Mˆn+m + cM
12
n3δn+m,0, (61b)
[Lˆn, Jm] = −mJn+m, (61c)
[Lˆn, Pm] = −mPn+m, (61d)
[Mˆn, Jm] = −mPn+m, (61e)
[Jn, Jm] = κJ nδn+m,0, (61f)
[Jn, Pm] = κP nδn+m,0, (61g)
where cM and κP are the same as in the Einstein
gravity case and cL =
3
µGN
and κJ = − 38µGN .
Finally, it is noteworthy that in the Flat Space Chiral
Gravity limit [43], GN → ∞, µGN fixed, we are left
with a chiral Virasoro algebra supplemented by the
affine uˆ(1) current algebra generated by Jn.
IV. THERMAL ENTROPY
Having determined the asymptotic symmetries the
next interesting question to ask is: How does the ther-
mal entropy of solutions that obey (8) look like both
in Einstein gravity and TMG and what is the geo-
metric interpretation? In the following two subsec-
tions we first give a possible geometric interpretation
of our solutions by locating the cosmological horizon
and then determining the associated thermal entropy
using a metric formulation of Einstein gravity. We
then present a second, independent derivation of the
thermal entropy in Einstein gravity using the Chern-
Simons formulation. In the last part of this section we
then determine the Chern-Simons contribution to the
Bekenstein-Hawking entropy determined previously in
the case of TMG by integrating the first law of flat
space cosmologies.
A. Horizon Area
In the metric formalism the relevant quantity to
compute the thermal entropy is given by the horizon
area. In order to compute the area of the horizon one
first has to locate the event horizon by looking at the
point where the determinant of the induced metric on
slices of constant radius vanishes, that is
guu gϕϕ − (guϕ)2 = 0. (62)
For the metric (36) this happens at
rH =
|N −Mβ|√M e
−α. (63)
One can now compute the area of the horizon by
AH =
2π∫
0
dϕ
√
|gϕϕ|
∣∣∣
r=rH
, (64)
that for the case at hand reduces to
AH =
2π∫
0
dϕ
N√M . (65)
For the zero mode solutions N (ϕ) = L =const. and
M(ϕ) = M =const., this can be trivially integrated
to yield the area
A0H = 2π
L√M , (66)
and the corresponding thermal entropy
STh =
A0H
4GN
=
π
2GN
L√M , (67)
which is the thermal entropy one would expect from
an ordinary FSC [44–46].
This result is rather surprising since the asymptotic
symmetry algebra contains two spin-1 currents in ad-
dition to the usual mass and angular momentum of
a FSC and one might expect contributions of these
currents to the thermal entropy.
Looking at (63) one can see that for general, ϕ depen-
dent α and β, these two functions change the location
of the horizon radius in an angle dependent way and
thus describe non-spherically symmetric cosmological
solutions4. However, they do it in such a way that the
area of the cosmological solutions remains the same as
for constant values of α and β.
4 It should be noted that also the authors of [30] found
non-spherically symmetric solutions in the context of flat
space Einstein gravity that they called ”cosmological flow-
ers”. While both the solutions presented in this paper and
the ones in [30] describe non-spherically symmetric cosmolog-
ical solutions the associated canonical charges are different.
Also in the context of New Massive Gravity (NMG) [47] non-
spherically symmetric cosmological solutions with different
canonical charges have been already described in [48].
8B. First Law, Holonomy Conditions and Wilson
Lines
In this section we show how the validity of a first
law for FSCs can be used to determine the ther-
mal entropy in the Chern-Simons formulation if the
holonomies of the connectionA satisfy certain require-
ments in close analogy to the derivations found in [49–
53] for the AdS3 (higher-spin) case. Furthermore we
show that this derivation is equivalent to a Wilson line
wrapping around the non-contractible ϕ cycle.
FSCs with inverse temperature βT , mass M , angular
velocity Ω and angular momentum J satisfy the first
law of flat space cosmologies [44] that is given by
δM = −TδSTh +ΩδJ. (68)
In a metric formulation the mass and angular momen-
tum are associated to the charges of the Killing vectors
∂u and ∂ϕ respectively. Using that the gauge param-
eters (13) that preserve the boundary conditions (8)
are related to the AKVs via ǫ = ξµAµ one can deter-
mine (the variation of) mass and angular momentum
of our cosmological solutions via
δM := δQ[∂u] =
k
2π
∫
dϕ〈AuδAϕ〉, (69a)
δJ := δQ[∂ϕ] =
k
2π
∫
dϕ〈AϕδAϕ〉. (69b)
Plugging in our expression for the connection (8) one
sees that only the zero modes of N (ϕ) andM(ϕ) that
we again denoted by L andM respectively contribute
in (69) as
δM =
k
2
δM, δJ = kδL. (70)
So already at this level it is apparent that the two
additional uˆ(1) currents do not have any influence on
the mass or angular momentum of our cosmological
solutions.
After having determined mass and angular momen-
tum the remaining pieces of the puzzle to determine
the entropy via the first law (68) is to determine the
inverse temperature βT and angular velocity Ω. We
will do so by imposing conditions on the holonomy eih
with
h = −βT
2π
(∫
dϕau − Ω
∫
dϕaϕ
)
. (71)
Before stating what these conditions are it may be
illuminating to rewrite the first law (68) using (69)
δSTh = − k
2π
βT
∫
dϕ〈auδaϕ〉+ k
2π
βT Ω
∫
dϕ〈aϕδaϕ〉,
(72)
and then using (71) to yield
δSTh = k〈h δaϕ〉. (73)
We want to point out that aside from assuming that
the solution in question satisfies a first law we did not
make any additional assumptions. Thus (73) holds in
particular also for BTZ black holes5. Looking at the
BTZ case one finds that the eigenvalues of h conspire
in such a way that
Eigen [h] = Eigen [2πL0] . (74)
That means in particular that the holonomy associ-
ated with h is trivial6. In addition this also means
that for the case where (74) is satisfied one can also
functionally integrate (73) to yield
STh = k〈h aϕ〉. (75)
In close analogy to the BTZ case we are also assuming
that (74) holds for our cosmological solutions. This
assumption yields the following restrictions on the in-
verse temperature βT and angular velocity Ω after in-
tegrating over ϕ in (71)
βT =
2πL
M 32 , Ω =
L
M . (76)
Now using (75) one immediately finds the thermal en-
tropy to be
STh =
2πkL
M =
πL
2GNM , (77)
which is exactly the same result (67) that has been
found in the previous section via the area law.
Another advantage of writing the entropy as in (75)
is that the relation to a Wilson line wrapping around
the horizon7 is almost apparent if the holonomy con-
ditions (74) are satisfied. Using this approach one can
write the thermal entropy in a very compact way
STh =
π
6
cM 〈L0λϕ〉, (78)
where λϕ denotes the diagonalized version of aϕ. For
h = 2πL0 one can see that (75) and (78) coincide since
the bilinear form yields the sum of the products of the
eigenvalues of L0 and aϕ. Thus (75) is equivalent to a
Wilson line wrapping around the horizon of a cosmo-
logical solution in flat space [56–58] if the holonomy
conditions (74) are satisfied.
C. The TMG Contribution to Thermal Entropy
In the case of TMG the thermal entropy contains
in addition to the Bekenstein-Hawking piece a contri-
bution proportional to the Chern-Simons coupling µ.
Thus the total thermal entropy can be written as
STMGTh =
A0H
4GN
+
1
µ
SCS. (79)
5 Modulo the different sign of the temperature that can be
taken care of by exchanging h→ −h.
6 To be more precise, one has eih = −1l.
7 How to employ Wilson lines to determine both entanglement
entropy and thermal entropy of BTZ black holes has been first
shown in [54, 55]. This approach was then later modified for
applications in flat space in [56–58].
9The Chern-Simons contribution SCS can be deter-
mined in various ways (see e.g. [59–62]). Since the
first law is just a consequence of the conservation of
kξ[g, h] given in (52), we can also simply integrate it,
knowing the charges and the potentials. The inverse
temperature βT and the angular velocity Ω being the-
ory independent quantities, one can use the expres-
sions determined previously in (76) also for the TMG
case. The definition of mass and angular momentum,
however, are theory dependent and thus are different
for TMG. In order to determine mass and angular mo-
mentum in TMG using our boundary conditions one
can apply the same logic as in the previous section
i.e. by looking at the charges (56) associated to the
AKVs ξu and ξϕ respectively. Focusing on solutions
where M(ϕ) = M, L(ϕ) = L and A(ϕ) = A are
constant one finds the following expressions for mass
and angular momentum in terms of the corresponding
quantities that appear in the metric:
M =
M
16πGN
, J =
1
8πGN
(
L − M
2µ
)
(80)
Using these expressions for mass and angular momen-
tum one can write the first law as
δSTMGTh = δS
EH
Th +
1
µ
δSCS, (81)
where SEHTh is the thermal entropy given by (67) and
δSCS = − πδM
4GN
√M . (82)
This expression for δSCS can be easily functionally
integrated to yield the total thermal entropy
STMGTh =
π
2GN
(
L√M −
√
M
µ
)
, (83)
that again perfectly agrees with the results obtained
in [63] for spherical symmetric cosmological solutions
in TMG.
Looking at (63) one can see that the entropy (83), sim-
ilar to the Einstein gravity case, corresponds to non-
spherically symmetric cosmological solutions in TMG
since β is still allowed to fluctuate. So taking into ac-
count the result obtained for the entropy (83) one can
conclude that also in TMG our boundary conditions
describe a certain class of non-spherically symmetric
solutions in flat space whose area is the same as for
spherically symmetric solutions.
V. RELATION WITH TROESSAERT BCS
In this section we show that the boundary condi-
tions presented in this paper can also be related to
the boundary conditions proposed in [13] via sending
the cosmological constant to zero. On the level of the
metric this can be seen by first rewriting the boundary
conditions (plus additional subleading contributions)
of [13] in BMS gauge8 as
grr = 0, (84a)
grx+ = − ℓ2e
φ, (84b)
grx− = − ℓ
2
eφ¯, (84c)
gx+x+ = −ℓ2L, (84d)
gx+x− = −e
φ+φ¯
2
[
r2 + ℓ2
(
e−2φL+ e−2φ¯L¯
)]
, (84e)
gx−x− = −ℓ2L¯, (84f)
where all unbarred quantities are functions of x+, all
barred quantities are functions of x−, x± = t
ℓ
±ϕ and
ℓ is the AdS radius.
Introducing new functions M, N , α and β as
L =− 1
4
(M + 2ǫN ) , φ =α+ ǫβ, (85a)
L¯ =− 1
4
(M− 2ǫN ) , φ =α− ǫβ, (85b)
as well as replacing t → u one obtains the following
metric:
grr = 0, (86a)
grϕ = −ℓeα sinh[βℓ ], (86b)
gru = −eα cosh[βℓ ], (86c)
gϕϕ = e
2αr2 − ℓ2
(
M sinh2[β
ℓ
]− N
ℓ
sinh[ 2β
ℓ
]
)
,
(86d)
gϕu = N , (86e)
guu = e
2α r
2
ℓ2
+M cosh2[β
ℓ
]− N
ℓ
sinh[ 2β
ℓ
]. (86f)
In the limit ℓ → ∞ one then exactly recovers the
boundary conditions (37). Of course a similar proce-
dure as outlined in e.g. [58, 64] can be used in the
Chern-Simons Formalism reproducing exactly (8).
One can also perform such a limiting procedure at the
level of asymptotic symmetry algebras. Taking two
copies of a semi-direct product of a Virasoro algebra
(with generators Ln and L¯n) and an affine uˆ(1) cur-
rent algebra (with generators Jn and P¯n) with central
charges c = c¯ = 3ℓ
GN
and uˆ(1) levels κ = κ¯ = − ℓ8GN it
is straightforward to show that an after the redefini-
tions
Ln :=Ln − L¯−n, Mn :=1
ℓ
(
Ln + L¯−n
)
, (87a)
Jn :=Jn − J¯−n, Pn :=1
ℓ
(
Pn + P¯−n
)
, (87b)
one precisely obtains (29) in the limit ℓ→∞.
VI. CONCLUSION
In this paper we presented a new set of boundary
conditions for asymptotically flat spacetimes in
8 Please note the absence of the terms linear in x± in the con-
formal factor that are present in [13].
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2+1 dimensions. We determined the asymptotic
symmetries for these boundary conditions for both
Einstein gravity as well as TMG. For Einstein gravity
we found a semi-direct product of the bms3 algebra
with two uˆ(1) current algebras. The corresponding
central charge cM and uˆ(1) level κP were found
to be cM =
1
4GN
and κP = − 14GN in the Einstein
gravity case. For TMG we recovered the expected
deformation cL =
3
µGN
and κJ = − 38µGN .
Then looking at the thermal entropy via calculating
the horizon area of these new solutions we found that
even though the horizon does not necessarily have
to be spherically symmetric the thermal entropy still
coincides with the expression one would expect from
an ordinary spherically symmetric cosmological solu-
tion in flat space. We then confirmed this result by
determining the thermal entropy also using the first
law of flat space cosmologies as well as appropriate
holonomy conditions and showed that this approach
is equivalent to a Wilson line wrapping around the
horizon.
As a final point we also showed how our boundary
conditions can be interpreted from a point of view
of a limit of vanishing cosmological constant for the
Troessaert boundary conditions [13].
Even though our boundary conditions allow for
non-spherically symmetric cosmological solutions
they only allow for horizon deformations that do
not change the total area of a spherically symmetric
FSC. It would thus be interesting to investigate if
there are further generalizations of our boundary
conditions that allow for horizon deformations that
change the area of the horizon. One possible way to
look for extensions like this could be (non-principally
embedded) flat space higher-spin gravity [65, 66].
Furthermore it could be of interest to use the ap-
proach outlined in [56–58] to determine holographic
entanglement entropy using our boundary conditions.
Another possible interesting extension would be
to apply our boundary conditions to other higher-
derivative theories besides TMG like e.g. New
Massive Gravity [47] as well as extensions to dimen-
sions higher that three.
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